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ABSTRACT
An analytic expression is given for the growth function for linear perturbations in a
low-density universe made at by a cosmological constant. The result involves elliptic
integrals but is otherwise straight-forward.
Subject headings: cosmology: theory { large-scale structure of the universe
In linear cosmological perturbation theory, the evolution of perturbations in the absence of
pressure is reduced to the superposition of two modes with xed time dependence and arbitrary
spatial dependence (Peebles 1980). The behavior of these modes in time is a function of the
background cosmological parameters. The functions of time that describe this behavior are called





As shown by Heath (1977), the growth functions in cosmologies where pressure uctuations



































Here, a is the expansion scale factor of the universe, chosen so that a = 1 today; this will be our





is the density of non-relativistic matter in the






is the cosmological constant  relative












assume that relativistic matter is a negligible contributor to the density of the universe. Finally,
H(a) is proportional to the Hubble constant at epoch a, scaled so that H = 1 today. We are
interested in the behavior of D
1
(a), as this is the mode whose amplitude grows in time. However,
the overall normalization of D
1
is merely a convention.
The analytic form for D
1
in the  = 0 case (Weinberg 1972; Groth & Peebles 1975; Edwards &
Heath 1976) is widely known, but no analytic solution for the case of  6= 0 has been presented in
the literature. Instead, workers integrate equation (1) numerically or use the approximations given
by Lahav et al. (1991) or Carroll et al. (1992). However, the integral can be done in terms of elliptic
{ 2 {
integrals, which of course are implemented as special functions in many numerical packages. Here,













This is the case commonly used in practice and the solution can be stated rather cleanly.























This is chosen so that D
1































































































Doing this last integral (e.g. using 3.139.8 in Gradshteyn & Ryzhik 1994) yields the nal answer
D
1



























































Here, F and E are incomplete elliptic integrals of the rst and second kind, using the denitions




















d; note that conventions vary
on whether k is squared or not. Also note that  can exceed =2; some numerical implementations
of the elliptic integrals do not handle this properly. In this case one can use the identity F (; k) =
2F (=2; k)   F (   ; k) and likewise for E to compute for  > =2.








). This is not obvious from
equation (9); the terms of order v
2
and v cancel. This suggests that for numerical evaluation for
v  1, one should be watchful for loss of precision. Alternatively, for v

> 5 one can use the large



















































. The t has fractional errors better than
2% over the range z  0 and 

0
> 0:1 (i.e. v > 0:48) but deviates for lower 

0
. A plot of d
1
(v)
and the Carroll et al. (1992) t is shown in Figure 1. The t has similar accuracy for the  = 0






















































































As a convenience to the reader, we collect other exact equations relevant to low-density, at
universes from the literature (Edwards 1972, 1973; Dabrowski & Stelmach 1986, 1987; Weinberg





















































































where H(a) is dened in equation (3). The coordinate radius out to redshift z is r
1
(z) = c[(0)  
(z)], where c is the speed of light and the atness of the universe has been used. Then the
luminosity distance d
L
is (1 + z)r
1
(z), the angular diameter distance d
A
to an object of given






























=da), used to relate density

























In summary, the expression presented here for the growth function is marginally more com-
plicated than the  = 0 case, but if one evaluates the elliptic integrals using available numerical
packages, the exact function is quite tractable.
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Fig. 1.| The function d
1























, ts quite well in the observationally relevant portion of parameter space.
